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Abstract Using a minimal-coupling-scheme we investigate the quantum Brow-
nian motion of a particle in an anisotropic-dissipative-medium under the influ-
ence of an arbitrary potential in both relativistic and non-relativistic regimes.
A general quantum Langevin equation is derived and explicit expressions for
quantum-noise and dynamical variables of the system are obtained. The equa-
tions of motion for the canonical variables are solved explicitly and an ex-
pression for the radiation-reaction of a charged particle in the presence of a
dissipative-medium is obtained. Some examples are given to elucidate the ap-
plicability of this approach.
PACS numbers: 03.70.+k , 11.10.Ef, 05.40.Jc, 05.40.Ca
Keywords Anisotropic dissipative medium, Langevin-equation, Coupling
tensor, Radiation reaction, Dirac equation, Cherenkov radiation.
1 Introduction
In the present paper we introduce a scheme for investigating the quantum dy-
namics of a particle embedded in an anisotropic dissipative medium, under the
influence of an arbitrary potential. This problem is fundamental to many fields
of physics: statistical mechanics, chemical physics [1]- [9], condensed matter
[10]-[12], quantum optics [13]-[19], quantum information and atomic physics
[20]. Our purpose is to show that our approach is a macroscopic description
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that can be applied in a general way from the classical to the relativistic do-
main and is consistent with physics requirements, in particular causality and
fluctuation-dissipation theorem.
For investigating the quantum mechanical description of a dissipative sys-
tem, there are usually two approaches: the first approach is based on the
assumption that the damping of the system is caused by an irreversible trans-
fer of its energy to the reservoir due to the coupling of the system with the
reservoir [21]- [23]. Therefore, the loss of energy is phenomenologically de-
scribed in terms of a frictional force. In addition, the system also is subject
to a fluctuating or noise force and that dissipation and fluctuations are re-
lated. The second approach is essentially a rigorous one in which the effect
of dissipation is introduced by ingeniously construction a suitable Lagrangian
or Hamiltonian for the system [24,25]. Historically, the first Hamiltonian was
introduced by Caldirola [26] and rederived independently by Kanai [27] and
afterward by several others [28,29]. They employed a time dependent mass
in such a way that a friction term appears in the corresponding equation of
motion. There are significant difficulties in the quantum mechanical solution
of the Caldirola-Kanai Hamiltonian, for example quantizing in this way vio-
lates the uncertainty relation or canonical commutation rules and the former
vanishes as time tends to infinity [30]-[33].
These common approaches to quantum dissipative systems can generally be
divided into two classes. Working in Schrodinger picture and Heisenberg pic-
ture, that the dynamics is described in terms of generalized master equations
[34,35] and Langevin equations [36,37], respectively. Although, the effects of
environmental degrees of freedom on the system can be investigated with the
method of Feynman-Vernon influence functional by integrating out environ-
ment variables within the context of the closed-time-path formalism [38]-[45].
The more complicated interaction by considering nonlinear couplings of the
particle with the reservoir has also been studied in [46,47]. Furthermore, the
relativistic Brownian motion has also been discussed in [48,49].
The main purpose of the present work is to develop a canonical theory
of Brownian motion to extract the classical, the nonrelativistic and the rel-
ativistic quantum Langevin equation consistent with fluctuation-dissipation
theorem. The result is a relation between noise correlations and susceptibility
in frequency domain where the proportionality constant depends on temper-
ature. To achieve this goal, we first introduce an appropriate Lagrangian to
including the dissipative effect in a consistent form and then generalize this
Lagrangian to charged particles in presence of the electromagnetic fields. This
prepares not only the grounds to survey the radiation reaction but extracts a
Dirac equation for a relativistic particle. Our approach suggests the simplest
way in which the dissipation and the fluctuation effects can emerge from the
classical to the relativistic quantum theory. On this base, it is enough using a
minimal coupling scheme to obtain a suitable Hamiltonian and also the motion
equations to describe the dissipative system.
The layout of the paper is as follows: In Sec. 2, a Lagrangian for the total
system is proposed and a classical treatment of the damped system is investi-
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gated. In Sec. 3, we use the Lagrangian introduced in the Sec. 2 to canonically
quantize the system and obtain the corresponding Langevin equation. Subse-
quently in Sec. 4, as a simple application, we calculate the spontaneous decay
rate of an initially excited two-level atom embedded in an anisotropic dis-
sipative medium then this formalism is generalized to describe the radiation
reaction of a charged particle in this medium. In Sec. 4, a modified Lagrangian
is introduced to describe the relativistic effects of charged particles embedded
in an anisotropic dissipative medium. Then, Cherenkov radiation that emitted
by medium due to the motion of a charged particle moving through which is
examined. Finally, conclusions are given in Sec. 5.
2 Classical dynamics
Classical and quantum description of a dissipative system under influence of
a potential V can be accomplished by modeling it which is in interaction with
a heat bath. We assume that the heat bath consists of a continuum of three
dimensional harmonic oscillators labeled by a continuous parameter ω. This
kind of heat bath could be a model for an elastic solid, a dissipative medium
and electromagnetic field that known as the Hopfield model [50]. This model
can be also used to describe the quantization of electromagnetic field in pres-
ence of an amplifying magnetodielectric medium [51] where the electric and
magnetic properties of the medium are modeled by two independent sets of
harmonic oscillators. In order to examine the classical and the quantum treat-
ment of a linear dissipative system, we start the following classical Lagrangian
for the total system
L(t) = Lm + Ls + Lint. (1)
The first term Lm is the Lagrangian of the medium which is a continuum of
three dimensional harmonic oscillators defined by
Lm =
1
2
∫ ∞
0
dω [X˙2(ω, t)− ω2X2(ω, t)], (2)
where X(ω, t) is the dynamical variable of the medium. The second term Ls
is the Lagrangian of the main system with mass m, position q and potential
V (q)
Ls =
1
2
m q˙2(t)− V (q), (3)
and Lint is the interaction term defined by
Lint =
∫ ∞
0
dω fij(ω) q˙i(t)Xi(ω, t), (4)
where summation should be done over the repeated indices and fij(ω) is the
coupling tensor which for an isotropic medium is written as f(ω)δij . We can
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simply obtain the classical equations of motion from the Euler-Lagrange equa-
tions
d
dt
(
δL
δq˙i(t)
)
− δL
δqi(t)
= 0 i = 1, 2, 3
mq¨(t) +∇qV (q) = −R˙(t), (5)
and
d
dt
(
δL
δX˙i(ω, t)
)
− δL
δXi(ω, t)
= 0 i = 1, 2, 3
X¨i(ω, t) + ω
2Xi(ω, t) = q˙j(t)fji(ω), (6)
where the components of the field R is defined by
Ri =
∫ ∞
0
dωfij(ω)Xj(ω). (7)
The formal solution of the field equation (6) is
Xi(ω, t) = X˙i(ω, 0)
sinωt
ω
+Xi(ω, 0) cosωt+
∫ t
0
dt′
sinω(t− t′)
ω
fji(ω)q˙j(t
′)
(8)
where the first term is the inhomogeneous solution of Eq. (6) and the second
term is the homogeneous one. We will show later, the homogeneous solution
after quantization becomes a noise operator. Now by substituting Eq. (8) in
the integrand of Eq. (7), we find that the field R is as follows
Ri(t) =
∫ ∞
0
dt′ χij(t− t′)q˙j(t′) +RNi (t), (9)
where χij is the causal susceptibility tensor of the medium and in terms of the
coupling tensor fij can be written as
χij(t) =
∫ ∞
0
dω
sinωt
ω
filfjl(ω)Θ(t), (10)
where Θ(t) is the Theta function. The second term in Eq. (9) is a noise function
which in terms of the coupling tensor fij are obtained as
RNi (t) =
∫ ∞
0
dω fij(ω)
(
X˙j(ω, 0)
sinωt
ω
+Xj(ω, 0) cosωt
)
. (11)
It is easily shown that Eq. (10) is the origin of the significant Kramers-Kronig
relations
Re[χij(ω)] = P
∫ ∞
−∞
dν
π
Im[χij(ν)]
ν − ω , Im[χij(ω)] = −P
∫ ∞
−∞
dν
π
Re[χij(ν)]
ν − ω .
(12)
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Here, the symbol P denotes the Cushy principal value and
χij(ω) =
1√
2π
∫ ∞
−∞
dtχij(t)e
ıωt. (13)
Note that, for a definite susceptibility tensor χij the coupling tensor fij can not
be determined uniquely. In fact if fij is a solution then for any arbitrary unitary
matrix U , fU is also a solution. But this freedom does not affects the physical
observables. Therefore, we may take the coupling tensor to be symmetric, i.e,
filfjl = f
2
ij , and inverse the relation (13) for a specified susceptibility tensor
χij . Then, the corresponding coupling tensor up to a unitary freedom is as
follows:
fij(ω) =
√
2ω
π
Imχij(ω). (14)
Now by substituting (9) into Eq. (5), the classical Langevin equation are ob-
tained as
mq¨i(t) +
∫ t
0
dt′ χ˙ij(t− t′)q˙j(t′) + ∂V (q)
∂qi
= ξNi (t), (15)
where ξN(t) = −R˙N (t). Here, the frictional force is a linear functional of the
history of the velocity q˙ of the particle and the stochastic force ξN(t) which
is a result of the dissipation character of the medium and obeys the Gaussian
statistics [10,13].
3 Non-relativistic quantum dynamics
The Lagrangian (1) can now be used to obtain the canonical conjugate vari-
ables correspond to the dynamical variables X and q respectively as
Qi(ω, t) =
δL
δX˙i(ω, t)
= X˙i(ω, t), (16)
pi(t) =
δL
δq˙i
= mq˙i +Ri(t).
The fields can be canonically quantized in a standard fashion by demanding
equal-time commutation relations among the variables and their conjugates
[qi(t), pj(t)] = ıh¯ δij , (17)
[Xi(ω, t), Qj(ω
′, t)] = ı h¯ δij δ(ω − ω′), (18)
with all other equal-time commutators being zero. Using the Lagrangian (1)
and the expression for the canonical conjugate variables in (16), we obtain the
Hamiltonian of the total system
H =
(p−R(t))2
2m
+ V (q) +
1
2
∫ ∞
0
dω(Q2(ω, t) + ω2X2(ω, t)). (19)
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It is seen that this has the same form as a charged particle Hamiltonian that
interacting with the electromagnetic field through a minimal coupling pro-
vided that the vector field A taking as the vector field R. This result justify
a minimal coupling scheme by making the substitution p → (p − R(t)) to
introduce the dissipation effect of the medium in Hamiltonian formalism [52].
To facilitate calculations, let us introduce the following annihilation operator
bi(ω, t) =
√
1
2h¯ω
[ωXi(ω, t) + ıQi(ω, t)], (20)
from equal-time commutation relations (17)-(18), we find[
bi(ω, t), b
†
j(ω
′, t)
]
= δij δ(ω − ω′). (21)
Inverting the equation (20), we can write the canonical conjugate variables
Xi(ω, t) and Qi(ω, t) in terms of the creation and annihilation operators b
†
i
and bi as
Xi(ω, t) =
√
h¯
2ω
(
bi(ω, t) + b
†
i (ω, t)
)
,
Qi(ω, t) = ı
√
h¯ω
2
(
b†i (ω, t)− bi(ω, t)
)
. (22)
Using these relations, we can obtain the Hamiltonian of the total system in
terms of the creation and annihilation operators of the medium
H =
[p−R(t)]2
2m
+ V (q) +Hm, (23)
where
Ri(t) =
∫ ∞
0
dω
√
h¯
2ω
fij(ω)
[
bj(ω, t) + b
†
j(ω, t)
]
, (24)
and
Hm =:
∫
dω h¯ω b†i (ω, t) bi(ω, t) : (25)
is the Hamiltonian of the medium in normal ordering form. In the Heisenberg
picture, by using commutation relations (17), (18) and the total Hamiltonian
(19), the equations of motion for the canonical variablesX and Q are obtained
as
X˙i(ω, t) =
ı
h¯
[H,Xi(ω, t)] = Qi(ω, t), (26)
Q˙i(ω, t) =
ı
h¯
[H,Qi(ω, t)] = −ω2Xi(ω, t) + q˙j(t)fji(ω). (27)
It can be easily shown that the combination of these equations leads to the
same classical equation (6) with the formal solution (8). In a similar way, using
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Heisenberg equation for the conjugate dynamical variables q˙(t) and p˙(t), we
find
q˙(t) =
ı
h¯
[H,q(t)] =
(p−R(t))
m
, (28)
p˙(t) =
ı
h¯
[H,p(t)] = −∇V (q). (29)
Combination of these recent equations also lead to the same classical equa-
tion of motion (5). In addition, by substituting the solution (8) in the latter
equation, the quantum analogous of the Langevin equation (15) are obtained
as
mq¨i(t) +
∫ t
0
dt′ χ˙ij(t− t′)q˙j(t′) + ∂V (q)
∂qi
= ξNi (t), (30)
where the susceptibility χij has been already defined in Eq. (10) and ξ
N
i (t)
is a fluctuating force induced by the medium and in terms of the introduced
operator (20) are written as
ξNi (t) = ı
∫ ∞
0
dω
√
h¯ω
2
fij(ω)
(
bj(ω, 0)e
−ıωt − h.c.) . (31)
The Eq. (30) is the quantum Langevin equation, wherein the explicit form
of the noise is known. The quantum Langevin equation can be considered as
the basis of the macroscopic description of a quantum system coupled to an
environment or a heat bath. This equation contains a memory tensor χ˙ij(t) and
a noise or fluctuating force ξN(t). If the medium is kept in thermal equilibrium
at temperature T , by using Eq. (31) the force noise correlations [10] can be
found as
ζij(t− t′) ≡ 1
2
〈
ξNi (t)ξ
N
j (t
′) + ξNi (t
′)ξNj (t)
〉
=∫ ∞
0
dω
h¯ω
π
Im[χij(ω)] cosω(t− t′) coth( h¯ω
2kBT
). (32)
From this recent relation, the power spectrum of the noise force is obtained as
ζij(ω) ≡
∫ ∞
−∞
dt ζij(t) cosωt = h¯ω coth
h¯ω
2kBT
Im[χij(ω)], (33)
which is a version of the quantum mechanical Fluctuation-dissipation theorem
[1,10,53]. It should be noted that the above equation can be used to find
a special susceptibility tensor in order to have a predetermined correlation
function, for example a white noise. The limit h¯ → 0 clearly gives a smooth
transition to the classical Langevin equation, in the sense that in this limit
all commutators vanish and the equation of motion becomes an equation for
c-numbers driven by a noise term. Since lim
h¯→0
h¯ω coth(h¯ω/2kBT ) = 2kBT , this
noise term possesses a flat spectrum [10,13].
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In the case of a time-local friction proportional to the velocity that is
usually called Ohmic, i.e, χij(t) = γδijθ(t), we find that fij(ω) =
√
2γ
π
δij and
the force noise correlations (32) are simplified as
ζij(t− t′) = γkBT d
dt
coth
[πkBT (t− t′)
h¯
]
δij , (34)
which is consistent with the results have been reported in [10,13,53]. In the
remainder of the paper we consider four examples to show the applicability of
this scheme.
3.1 Free particle
The simplest model for a dissipative Brownian particle is described by a free
particle. We assume here, the particle with mass m is moving in an anisotropic
dissipative medium. This model can be applied to the problem of Cherenkov
radiation in presence of a polarizable medium [54,55]. We set V (q) = 0 in the
equation (30) and find
mq¨i(t) +
∫ t
0
dt′χ˙ij(t− t′)q˙j(t′) = ξNi (t). (35)
For any function q(t) the forward- and the backward-Laplace-transform of q(t)
are respectively defined by
q˜f (s) =
∫ ∞
0
dt e−stq(t),
q˜ b(s) =
∫ ∞
0
dt e−stq(−t).
Depending on the initial conditions which are usually set at t = 0, there is no
need to use backward Laplace transform but here we do not restrict ourselves
and the reader can choose the plus sign in what follows to recover this situation.
Using these definitions, we take the Laplace transform of the both sides of the
equation (35) as
Λij(s)q˜
f,b
j (s) =
1
s
Λijqj(0)±mq˙i(0) + ı
∫ ∞
0
dω
√
h¯
2ω
fij(ω)
(
bj(ω)
s± ıω − h.c.
)
,
(36)
where Λij(s) =
(
ms2δij + s
2χ˜ij(s)
)
and the upper(lower) sign corresponds to
qfj (s) ( q
b
j(s) ). After some simple but elaborate calculations one finds
qi(t) = qi(0)± ηij(t)pj(0) +
∫ ∞
0
dω
√
h¯
2ω
(Z±ij (ω,±t) bj(ω, 0) + h.c.), (37)
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where now the upper(lower) sign corresponds to t > 0 (t < 0) and the functions
ηij(t) and Z
±
ij (ω,±t) are defined by
ηij(t) = L
−1
[
Λ−1ij (s)
]
, (38)
Z±ij (ω,±t) = L−1
[
Λ−1ik (s)
∓s
s± ıω
]
fkj(ω), (39)
in which, L−1[f(s)] denotes the inverse Laplace transform of function f(s) and
Λ−1(s) is the inverse of the matrix Λ(s).
Diffusion of a Brownian particle is characterized by the long-time behav-
ior of the mean-square displacement, therefore we compute the mean square
distance traveled by the free particle in a time interval starting at the time t′
and ending at the time t
〈
[q(t)− q(t′)]2〉 = 3∑
i=1
(ηij(t)− ηik(t′)) 〈pj(0)pk(0)〉
+
∫ ∞
0
dω
h¯ω
2
coth
h¯ω
2KT
{[Z±ij (ω, t)− Z±ij (ω, t′)][Z∗±ji (ω, t)− Z∗±ji (ω, t′)]},
(40)
which in the case of the Ohmic damping is reduced to〈
[q(t)− q(t′)]2〉 = ∫ ∞
0
dω
h¯γ
πω
coth(h¯ω/2KT )
γ2 +m2ω2
(e−ıωt − e−ıωt′ − e− γm t + e− γm t′)(eıωt − eıωt′ − e− γm t + e− γm t′). (41)
This integral contains transient terms, which appears to allow the particle to
absorb a large amount of energy from medium, however after this transient,
for sufficiently large times, diffusion of the particle is given by a formula which
is known in classical stochastic theory. In large-time-limit we find
〈
[q(t) − q(t′)]2〉 ≈ h¯γ
π
∫ ∞
0
dω
ω coth(h¯ω/2KT )
γ2 +m2ω2
4 sin2 ω2 (t− t′)
ω2
, (42)
from which the following asymptotic formula can be found [10,13,39].〈
[q(t) − q(t′)]2〉 ≈ 4KT
γ
(t− t′). (43)
3.2 Harmonic oscillator
The problem of a damped harmonic quantum mechanical oscillator has been
studied intensively because of its universal relevance [56]-[59]. Indeed, it de-
scribes a quantum electromagnetic field propagating in a linear dielectric
medium [60], a particle interacting with a quantum field in dipole approxi-
mation [61]. In addition to these quantum optical applications, this problem
10 Ehsan Amooghorban, Fardin Kheirandish
is used in nuclear physics [62] and quantum chemistry [1,63]. For a harmonic
oscillator with mass m and frequency ω0, we set V (q) =
1
2mω
2
0q
2 in the equa-
tion (30) and find
mq¨i(t) +
∫ t
0
dt′χ˙ij(t− t′)q˙j(t′) +mω20qi(t) = ξiN(t), (44)
with the following solution
qi(t) = αij(t)qj(0)± η′ij(t)pj(0) +
∫ ∞
0
dω
√
h¯
2ω
(Z ′±ij (ω,±t) bj(ω, 0) + h.c.),
(45)
in which the upper (lower) sign again corresponds to t > 0 (t < 0). The
functions αij(t), η
′
ij(t) and Z
′±
ij (ω,±t) are defined by
αij(t) = L
−1[sΛ′
−1
ik (s)(mδkj + χkj(s))], (46)
η′ij(t) = L
−1[Λ′
−1
ij (s)], (47)
Z ′±ij (ω,±t) = L−1[Λ′−1ik (s)
∓s
s± ıω ]fkj(ω), (48)
with
Λ′ij(s) = ms
2δij + s
2χij(s) +mω
2
0. (49)
During the last decade huge advances in laser cooling and trapping experi-
mental techniques have made it possible to confine harmonically a single ion
and cool it down to very low temperatures where purely quantum manifesta-
tions begin to play an important role [64]. The reference [65] reports recently
experimental results on how to couple a properly engineered reservoir with a
quantum oscillator. These experiments aim at measuring the decoherence of a
quantum superposition of coherent states and Fock states due to the presence
of the reservoir [59]. Therefore, in order to survey the theory bases of this
kind of issue, we calculate the transition probabilities of an initially excited
harmonic oscillator embedded in an anisotropic dissipative medium. For this
purpose we write the Hamiltonian (23) as
H = H0 +H
′, (50)
where
H0 =
p2
2m
+
1
2
mω20q
2 +Hm
= h¯ω0(a
†
jaj +
3
2
) +Hm, (51)
with
H ′ = −p ·R
m
+
R2
2m
. (52)
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The term R
2
2m can be ignored for a sufficiently weak coupling and the dominant
term in this case is p·R
m
. Using the rotating-wave approximation [64,65], H ′ in
the interaction picture can be written as
H ′I = ı
√
h¯ω0
2m
∫ ∞
0
dωfij(ω)[ai(0) b
†
j(ω, 0)e
−ı(ω0−ω)t − a†i (0) bj(ω, 0)eı(ω0−ω)t].
(53)
In order to obtain the transition-probabilities, we find the density operator
to using the time-dependent perturbation theory. The time-evolution of the
density-operator in the interaction-picture can be obtained from [66]-[69]
ρI(t) = U
†
I (t)ρI(0)UI(t), (54)
where UI(t), up to the first order time-dependent perturbation is
UI(t) = 1− ı
h¯
∫ ∞
0
dt′HI(t
′)
= 1 +
√
ω0
2mh¯
∫ ∞
0
dωfij(ω)
(
ai(0)b
†
j(ω, 0)e
−ı(
ω0−ω
2 )t
− a†i (0)bj(ω, 0)eı(
ω0−ω
2 )t
) sin(ω0−ω2 )t
(ω0−ω2 )
. (55)
Let the initial density-operator be ρI(0) = |nj〉ω0 ω0 〈nj|⊗|0〉mm 〈0| where |0〉m
is the vacuum state of the dissipative medium and |nj〉ω0 an excited state of
the harmonic oscillator for the mode j, (j = 1, 2, 3). Then, by substituting
UI(t) from (55) in (54) and tracing out the medium degrees of freedom, the
transition probabilities |nj〉ω0 → |nj ± 1〉ω0 are obtained as
Γnj→nj+1 = Trs
[(
|nj + 1〉ω0 ω0 〈nj + 1|
)
Trm[ρI(t)]
]
= 0, (56)
Γnj→nj−1 = Trs
[(
|nj − 1〉ω0 ω0 〈nj − 1|
)
Trm[ρI(t)]
]
=
ω0nj
mπh¯
∫ ∞
0
dω ω Im[χjj(ω)]
sin2 (ω−ω0)2 t(
ω−ω0
2
)2 , (57)
in which Trm (Trm) denotes that the trace is taken over the degrees of free-
dom of the medium(harmonic oscillator). In the large-time-limit,
sin2
(ω−ω0)
2 t
(ω−ω02 )
2 ≈
2πtδ(ω − ω0), therefore
Γnj→nj−1 =
2ω20njt
mh¯
Im[χjj(ω0)]. (58)
In a similar way, when the medium has a Maxwell-Boltzman distribution,
i.e, ρm =
e
−Hm
kBT
Trm[e
−Hm
kBT ]
and ρI(0) = |nj〉ω0 ω0 〈nj | ⊗ ρm, then the transition-
probabilities |nj〉ω0 → |nj ± 1〉ω0 , in the large-time-limit, can be obtained as
Γnj→nj+1 =
2ω20(nj + 1)n(ω, T )t
mh¯
Im[χjj(ω0)], (59)
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Γnj→nj−1 =
2ω20nj (n(ω, T ) + 1)t
mh¯
Im[χjj(ω0)], (60)
where n(ω, T ) = [exp( h¯ω0
kBT
)− 1]−1 is the mean number of thermal photons at
frequency ω and temperature T . It is clear from above equations, when the
medium is held at zero temperature then Γnj→nj+1 = 0, and as expected the
energy flows only from the system to the medium until the system falls in its
ground state and remains in this state forever.
3.3 Spontaneous emission of an excited two-level atom
In this section we calculate the decay constant and level shift for an initially
excited atom embedded in an anisotropic medium. Theoretical treatments of-
ten simplify matters even more by assuming that the atoms only have two
levels and is localized, which experimentally can only be achieved by rather
complicated optical pumping techniques [68]. Indeed it describes systems com-
posed of atoms interacting with a few modes of the electromagnetic field which
has been studied both theoretically and experimentally [13],[67]-[69]. For this
purpose, let us consider a one-electron atom and write the Hamiltonian (23)
as
H = H0 +H
′, (61)
where
H0 = HAtom +Hm, (62)
and
H ′ = q · R˙(t), (63)
with
HAtom =
p2
2m
+ V (q). (64)
For a two-level atom with upper state |2〉, lower state |1〉 and transition fre-
quency ω0, the Hamiltonian (61) can be written as
H = h¯ω0σ
†σ + (q 12 σ + q
∗
12 σ
†) · R˙(t) +Hm (65)
where σ = |1〉 〈2| and σ† = |2〉 〈1| are Pauli operators of the two-level atom and
q 12 = 〈1|q |2〉 is its transition dipole momentum. To study the spontaneous
decay of an initially excited atom we may look for the wave function of total
system as follows
|ψ(t)〉 = c(t) |2〉 |0〉m +
3∑
i=1
∫ ∞
0
dωMi(ω, t) |1〉 |1i(ω)〉m (66)
where |0〉m and |1i(ω)〉m are the vacuum state and the excited state of the
medium with a single photon with frequency ω and polarization i, respec-
tively. The coefficients c(t) and Mi(ω, t) are to be specified by the Schrodinger
equation
ıh¯
∂ |ψ(t)〉
∂t
= H |ψ(t)〉 , (67)
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with the initial conditions c(0) = 1, Mi(ω, 0) = 0. According to the relations
are shown in appendix, the spontaneous decay of an initially excited atom are
given by
c(t) = e−Γte−ı(∆+ω0)t, (68)
where
Γ =
ω20
h¯
[
q∗12,i Im[χij(ω0)] q12,j
]
, (69)
and
∆ = P
∫ ∞
0
dω
q∗12,i Im[χij(ω)] q12,j
πh¯(ω0 − ω) , (70)
are the decay constant and the level shift due to the presence of the dissipative
medium, respectively. The symbol P denotes the Cauchy principal value.
In the case of an isotropic susceptibility such as the lorenz model, i.e.
χij(t) = βe
−γt
2
sin νt
ν
δij which β and ν are a positive constants and γ is a
damping coefficient, we find that f2(ω) = βω2πν
[
γ
γ2
4 +(ν+ω)
2
− γ
γ2
4 +(ν−ω)
2
]
. This
recent coupling function in nondissipative limit, γ → 0, are reduced to f2(ω) =
βω
ν
δ(ν − ω). Accordingly, by inserting it into Eqs. (69) and (70), we obtain
Γ =
πβω20 |q12|2
2h¯ν
δ(ν − ω0), (71)
∆ =
βν |q12|2
2h¯(ω0 − ν) , (72)
which is consistent with the results have been reported in [67]-[69].
3.4 Radiation reaction
A charge particle in accelerated motion radiates electromagnetic waves, and
as a result it experiences a friction-like force, i.e, radiation reaction. Consider
a charged particle embedded in an anisotropic-dissipative-medium interacting
with its own field and also the quantum vacuum field. The total Lagrangian
that describe this system is a generalized version of the Lagrangian (1) by
adding the Lagrangian electromagnetic field together with its interaction with
the charged particle. Therefore, the total Lagrangian in Coulomb-gauge can
be written as
L =
1
2
m q˙2(t) +
1
2
∫ ∞
0
dω[X˙2(ω, t)− ω2X2(ω, t)]
+
1
2
∫
d3r[ε0A˙
2 − (∇×A)
2
µ0
]− 1
2
∫
d3rρ(r)φ(r, t) + q˙ ·R(t). (73)
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By using Lagrangian (73), the corresponding canonical conjugate variables can
be found
− ε0E⊥i (r, t) =
δL
δA˙i(r, t)
= ε0A˙i(r, t), (74)
pi(t) =
δL
δq˙i
= mq˙i +Ri(t) + eAi(r, t). (75)
The electromagnetic field can be canonically quantized by imposing the fol-
lowing equal-time commutation relation[
Ai(r, t),−ε0E⊥j (r′, t)
]
= ıh¯δijδ
⊥(r− r′). (76)
where δ⊥(r−r′) is the transverse delta function. To facilitate the calculations,
let us introduce new annihilation-operators
aλ(k, t) =
√
c|k|ε0
2h¯
(
c|k|Aλ(k, t) − ıE⊥λ (k, t)
)
, (77)
whereAλ(k, t) andE
⊥
λ (k, t) are the cartesian components of the spatial Fourier
transformation of A(r, t) and E⊥(r, t). From equal-time commutation rela-
tion (76), the following equal-time commutation relations are obtained[
aλ(k, t), a
†
λ′(k
′, t)
]
= δλλ′δ(k− k′). (78)
Inverting Eq. (77) and taking the inverse Fourier transform, we obtain the elec-
tromagnetic field operators in terms of the creation and annihilation operators
in the real-space as
A(r, t) =
2∑
λ=1
∫
d3k
√
h¯
2(2π)3ε0c|k|
(
aλ(k, t)e
ık·r + a†λ(k, t)e
−ık·r
)
eλ(k),
E⊥(r, t) = −ı
2∑
λ=1
∫
d3k
√
h¯c|k|
2(2π)3ε0
(
a†λ(k, t)e
−ık·r − aλ(k, t)eık·r
)
eλ(k),
where eλ(k), (λ = 1, 2) are orthonormal polarization vectors. Using Lagrangian
(73) and the expressions for the canonical conjugate variables in (17) and (21),
we find Hamiltonian of the total system as
H =
(p−R(t)− eA(q, t))2
2m
+
1
2
∫
d3rρ(r)φ(r, t) +HF +Hm, (79)
where
HF =:
2∑
λ=1
∫
d3k h¯c|k| a†λ(k, t)aλ(k, t) : (80)
is the Hamiltonian of the electromagnetic field in the normal ordering form and
Hm is the Hamiltonian of the heat bath which is already defined in Eq. (25).
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In the Heisenberg picture, the equations of motion for canonical variables
Xω and Qω are the same equations (26) and (27) with the formal solution (29)
and likewise the R field is defined by Eq. (30). In a similar way, by combining
the Heisenberg equations for the conjugate dynamical variables q˙(t) and p˙(t)
we find
mq¨i(t) +
∫ t
0
dt′χ˙ij(t− t′)q˙j(t′) + e∂φ(q)
∂qi
= eEi(q, t)
+e ǫijk q˙j(t)Bk(q, t) + ξ
N
i (t), (81)
where the ǫijk are the components of the Levi-Civita pseudotensor and the
susceptibility tensor χij and the noise operator ξ
N
i (t) are the same previously
equations where defined by Eqs. (10) and (31). Consider now a single electron
with binding potential energy V (r) = eφ(r). Suppose that the distances over
which the bound electron can move in this potential are small compared with
the wavelength of any field with the electron undergoes a significant inter-
action. Therefore, it is convenient to make the electric dipole approximation
in which spatial variation of A is ignored. Using this note, the Heisenberg
equation for the operator aλ(k, t) is found from the Hamiltonian (79) to be
a˙λ(k, t) = −ıωkaλ(k, t) + ıe q˙(t) · eλ(k)√
2(2π)3ε0h¯ωk
, (82)
with the following formal solution
aλ(k, t) = e
−ıωktaλ(k, 0)+
ıe√
2(2π)3ε0h¯ωk
∫ t
0
dt′ e−ıωk(t−t
′)eλ(k)·q˙(t′), (83)
where ωk = ck. Now, by inserting aλ(k, t) into the right-hand side of (81), we
obtain
mq¨i(t) +
∫ t
0
dt′χ˙ij(t− t′)q˙j(t′) + e∂φ(q)
∂qi
= eE⊥0,i(t) + eE
⊥
RR,i(t) + ξ
N
i (t),(84)
where E⊥0,i and E
⊥
RR,i are, respectively, the components of the vacuum field
and the radiation reaction field and define as follow:
E⊥0 (t) = ı
√
h¯
2(2π)3ε0
2∑
λ=1
∫ ∞
0
d3k
√
ωk
(
aλ(k, 0)e
−ıωkt − a†λ(k, 0)eıωkt
)
eλ(k),
(85)
E⊥RR(t) = −
e
(2π)3ε0
2∑
λ=1
∫ t
0
dt′ cosωk(t− t′)
∫
d3keλ(k) · q˙(t′)
= τq···(t) − δm
e
q¨(t). (86)
Here, τ = e6πc3 and δm =
e2
3π2ǫ0c3
∫∞
0
dω [69]. The mass m in Eq. (84) is the
mass of a bare particle which does not interact with electromagnetic field. It
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is fictitious, since the interaction cannot be turned off. The experimental mass
of the particle must include the present interaction with field. Therefore, δm
is effectively a contribution to the mass and arises from the action of its own
field, namely, from the radiation reaction.
4 Dissipative Dirac field
The description of particles used in the preceding sections is valid only when
the particles are moving at velocities small compared to the velocity of light.
In this section, we generalize the preceding formalism to describe relativistic
particles embedded in an anisotropic-dissipative-medium. For this purpose, we
use the following Lagrangian for the Dirac field under influence of a potential
V and its interaction with an external electromagnetic field and the dissipative
medium [55,69]
L = Lm + Ls + Lint, (87)
where
Ls =
ıh¯c
2
∫
d3x
[
3∑
µ=0
(
ψ¯(x, t)γµ
∂ψ(x, t)
∂xµ
− ∂ψ¯(x, t)
∂xµ
γµψ(x, t)
)
− (mc2 + V (x)) ψ¯ψ] , (88)
and
Lint = e
∫
d3x
[
(cψ¯(x, t)γjψ(x, t)Aj(x, t)) − ψ¯(x, t)γ0ψ(x, t)ϕ(x, t)]
+c
∫ ∞
0
dω
∫
d3xfij(ω)ψ¯(x, t)γ
iψ(x, t)Xj(ω). (89)
Here, γµ, (µ = 0, ..., 3), are the Dirac matrices with γ0 ≡ β, γj ≡ βαj and
ψ¯ ≡ ψ†β. In a standard representation we have
β =
(
I 0
0 −I
)
, αj =
(
0 σj
σj 0
)
, (90)
where σj , (j = 1, 2, 3), are Pauli spin matrices and I is the unit matrix. The
Lagrangian (87) is the relativistic generalization of the nonrelativistic La-
grangian (73) in the Coulomb gauge. The part of the Lagrangian attributable
to the transverse field, involving the energy density of electromagnetic field,
has the same form as Eq. (73), as does the part associated with the medium
and the part corresponded to the instantaneous Coulomb interactions among
the charged particles. (In the nonrelativistic Lagrangian the Coulomb inter-
actions are written explicitly in the form appropriate for classical point par-
ticles.) Here, the medium Lagrangian (3) remain without any change, since
the medium is stationary on the one hand. On the other hand, we often deal
with a non-relativistic medium, although the relativistic version of the La-
grangian (3) can be simply considered [71]. The main difference between the
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relativistic and nonrelativistic Lagrangian lied in the treatment of the particle
kinetic term (88) and it’s interaction terms (89). We proceed along the lines of
the preceding section and define the canonical conjugate variable of the Dirac
particle as
∂L
∂ψ˙
=
ıh¯
2
ψ†. (91)
The Dirac field is quantized by imposing anti-commutation relations among
the field components
{ψα(x, t), ψ†β(x′, t)} = δαβδ(x− x′),
{ψα(x, t), ψβ(x′, t)} = 0. (92)
The Hamiltonian of the total system can also be find as
H = c
∫
d3xψ†(x, t)
[
α · (p−R(t)− eA(x, t)) + (mc2 + V (x))β]ψ(x, t)
+
1
2
∫ ∞
0
dω(Q2(ω, t) + ω2X2(ω, t)) +
1
8πǫ0
∫
d3x
∫
d3x′
ρ(x, t)ρ(x′, t)
|x− x′|
(93)
where p = −ıh¯∇, the fieldR(t) is defined by Eq. (7) and ρ(x, t) = eψ†(x, t)ψ(x, t)
is the charge density. In the Heisenberg picture, by using commutation rela-
tions (92) and the total Hamiltonian (93), the relativistic analogues of the
motion equation (6) is obtained as
X¨i(ω, t) + ω
2Xi(ω, t) = fji(ω)Jj(t), (94)
with the solution
Xi(ω, t) = Qi(ω, 0)
sinωt
ω
+Xi(ω, 0) cosωt+
∫ t
0
dt′
sinω(t− t′)
ω
fji(ω)Jj(t
′),
(95)
where
J(t) = c
∫
d3xψ†(x, t)αψ(x, t). (96)
Now by substituting Xi(ω, t) from (95) in (7) we find
Ri(t) =
∫ ∞
0
dt χij(t− t′)Jj(t′) +RNi (t), (97)
where χij and R
(N)
i (t) are the causal susceptibility tensor of the medium and
the noise operator that perviously defined by Eqs. (10) and (11), respectively.
If we apply the Heisenberg equation to the Dirac field ψ(x, t) and make use of
the anticommutation relations (92), then Dirac equation in the presence of a
dissipative medium are found as
ıh¯ψ˙(x, t) =
[
cα · pi + eφ(x, t) + (mc2 + V (x))β]ψ(x, t), (98)
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in which pi ≡ (p−R(t)− eA(x, t)), and
φ(x, t) =
e
4πǫ0
∫
d3x′
ψ(x′, t)ψ(x′, t)
|x− x′| . (99)
Substitution Eq. (97) in (98), a relativistic Langevin equation for a Dirac
particle in an anisotropic-dissipative-medium can be obtained as
ıh¯ψ˙(x, t) + cα · (ıh¯∇+ eA(x, t))ψ(x, t) +
∫ ∞
0
dt′ αi χij(t− t′)Jj(t′) ψ(x, t)
−[eφ(x, t) + (mc2 + V (x))β]ψ(x, t) = −α ·RN(t) ψ(x, t). (100)
What we have here is a case of the fluctuation-dissipation relation. Generally
speaking, if a system is coupled to a dissipative medium that can take en-
ergy from the system in an effectively irreversible way, then the medium must
also cause fluctuations. The fluctuations and the dissipation effects go hand in
hand, we cannot have one without the other. In Eq. (100), the effects of the
dissipation and the fluctuation are appeared as two contributions χij(t − t′)
and RN(t) from the vector field R. Thus, our approach suggests the simplest
way in which the dissipation and the fluctuation effects can emerge from the
classical to the relativistic quantum regime. In fact, based on a minimal cou-
pling scheme, we can introduce the dissipation and the fluctuation effects of the
medium by writing p2 equivalently as (p−R)2 in the Heisenberg equation for
a free brownian particle, or making the replacement (p−R)2 → (p−R−eA)2
in presence of the electromagnetic field. This approach to the derivation of the
motion equation is simpler than that proceeding from other approach [48,49]
and provides a consistent and rigorous basis for the introduction of the dissi-
pation and the fluctuation in a Hamiltonian formalism and motion equations
from the classical to the relativistic domain.
Let us examine the nonrelativistic limit of the Dirac equation (98). we
introduce the Dirac field ψ(x, t) as
ψ =
(
η˜
ξ˜
)
, (101)
where η˜ and ξ˜ are each two-component column vectors, so that by applying
Eq. (98) we have
ıh¯
∂
∂t
(
η˜
ξ˜
)
= cσ · pi
(
ξ˜
η˜
)
+ eφ(x, t)
(
η˜
ξ˜
)
+ (mc2 + V (x))
(
η˜
−ξ˜
)
. (102)
In the nonrelativistic limit the energy mc2 is large compared with any kinetic
or potential energy, and this suggests writing(
η˜
ξ˜
)
= e−ı
mc2
h¯
t
(
η
ξ
)
, (103)
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in which assuming that η and ξ slowly varying compared with e−ı
mc2
h¯
t in a
nonrelativistic approximation. Therefore, Eq. (102) becomes
ıh¯
∂
∂t
(
η
ξ
)
= cσ ·pi
(
ξ
η
)
+eφ(x, t)
(
η
ξ
)
−2mc2
(
0
ξ
)
+V (x)
(
η
−ξ
)
, (104)
and in the nonrelativistic limit the second of the two indicated equations is
replaced by
ξ ≈ σ · pi
2mc
η. (105)
Then the equation for η becomes
ıh¯
∂η
∂t
≈
[
(σ · pi)2
2m
+ eφ(x, t) + V (x)
]
η. (106)
This result can be cast in a more familiar form by using the general identity
(σ ·C)(σ ·D) = C ·D+ ıσ · (C×D) [69], and we can write (106) for a spinless
particle as the nonrelativistic equation
ıh¯
∂η
∂t
=
[
(p−R(t)− eA(x, t))2
2m
+ eφ(x, t) + V (x)
]
η. (107)
Comparison above obtained result with Eq. (98) suggests the interpretation of
α as the operator corresponding to the particle’s velocity, i.e., c
∫
d3xψ†(x, t)αψ(x, t) =
q˙(t). This interpretation is strengthened by the Heisenberg equation q that
follow straightforwardly from the Hamiltonian (93) and the canonical commu-
tation relations (17):
q˙(t) =
ı
h¯
[H,q(t)] = c
∫
d3xψ†(x, t)αψ(x, t). (108)
Let us expand the Dirac field ψ(x, t) in term of the eigenfunctions of the
free Dirac equation in the absence of dissipative medium
ψ(x, t) =
1
(2π)3/2
4∑
µ=1
∫
d3q cµ(q, t)ψµ(q), (109)
where ψµ(q) = uµ(q)e
ıq·x and uµ(q) are four-component spinors of the Dirac
equation with corresponding eigenvalues Eq = ±
√
h¯2c2q2 +m2c4 and nor-
malization u†µ(q)uν(q) = δµν [54]. Here, the operator cµ(q , t) annihilates a
particle with momentum h¯q. Substitution Eq. (109) in (93), the Hamiltonian
of the total system can be written as
H =
4∑
µ=1
∫
d3qEqc
†
µ(q , t)cµ(q , t) +Hm +HF +Hint, (110)
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where
Hint = −c
4∑
µ,µ′=1
∫ ∞
0
dω
∫
d3q
√
h¯
2ω
u†µ(q)αi fij(ω)uµ′(q){c†µ(q)cµ′ (q)bj(ω)
+h.c.}
−e
2∑
λ=1
4∑
µ,µ′=1
∫
d3k
∫
d3q
√
h¯c
2(2π)3ǫ0|k| { u
†
µ′(k+ q)α · eλ(k)uµ(q)
×c†µ′(k+ q)cµ(q)aλ(k) + h.c.}, (111)
andHm andHF are defined in Eqs. (25) and (80), respectively. The Heisenberg
equation for the operator aλ(k, t) is found from Hamiltonian (110) as
a˙λ(k) =
ı
h¯
[H, aλ(k)] = −ıωkaλ(k)
+
ıec√
2(2π)3h¯ǫ0ωk
∑
µ,µ′
∫
d3q(u†µ(q)α · eλ(k)uµ′(k+ q) )c†µ(q)cµ′ (k+ q),
(112)
with the formal solution
aλ(k, t) = e
−ıωktaλ(k, 0)
+
ıec√
2(2π)3h¯ǫ0ωk
∑
µ,µ′
∫
d3qCλ,µ,µ′ (k,q)
×
∫ t
0
dt′ e−ıωk(t−t
′)c†µ(q , t
′)cµ′(k+ q , t
′)
= a0,λ(k, t) + aRR,λ(k, t), (113)
where Cλ,µ,µ′(k,q) ≡ u†µ(q)α · eλ(k)uµ′(k + q). Now, by substitution Eq.
(113) into (100) a relativistic-Langevin-equation is obtained that describes
a relativistic moving particle through an anisotropic-dissipative-medium in
presence of the electromagnetic field
ıh¯ψ˙(x, t) + cα · (ıh¯∇+ eA0(x, t))ψ(x, t) − [eφ(x, t) + (mc2 + V (x))β]ψ(x, t)
+
∫ ∞
0
dt′ αi χij(t− t′)Jj(t′) ψ(x, t) = −α · (RN(t) + ecARR(x, t)) ψ(x, t),
(114)
where
A0(r, t) =
2∑
λ=1
∫
d3k
√
h¯
2(2π)3ε0ωk
(
a0,λ(k, t)e
ık·r + h.c.
)
eλ(k), (115)
and
ARR(r, t) =
2∑
λ=1
∫
d3k
√
h¯
2(2π)3ε0ωk
(
aRR,λ(k, t)e
ık·r + h.c.
)
eλ(k), (116)
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are the vacuum and the radiation reaction contributions, respectively. It is
seen that, the coupling of the dirac field to the electromagnetic field has a
dissipative component, in the form of radiation reaction, and a fluctuation
component, in the form of the vacuum field. Given the existence of radiation
reaction, the vacuum field must also exist in order to satisfy the fluctuation-
dissipation relation [69].
The vacuum field and the radiation-reaction field can be calculated from the
time derivative of Eqs. (115) and (116). It is interesting to compare these
latter fields with the result of the nonrelativistic quantum mechanic (85) and
(86). At first glance, we can easily find that the vacuum field contributions are
the same on the one hand. On the other hand, in nonrelativistic theory, the
”velocity” is c
∫
d3xψ†(x, t)αψ(x, t)→ q˙(t) and therefore, by using Eqs. (113)
and (109) we have
c eλ(k) ·
∑
µ,µ′
∫
d3qu†µ(q)αuµ′ (k+ q)c
†
µ(q , t
′)cµ′(k+ q , t
′)
= c eλ(k) ·
∫
d3xψ†(x, t)αψ(x, t)→ eλ(k) · q˙(t). (117)
Substitution Eq. (117) into the time derivative of Eq. (116), we indeed revert
to the nonrelativistic expression (86) for the radiation reaction field.
4.1 Relativistic quantum theory of Cherenkov radiation
In order to illustrate the applicability of our approach, we attempt to treat the
relativistic theory of Cherenkov radiation in the presence of an anisotropic po-
larizable medium. Cherenkov radiation is the radiation with continuous spec-
trum that emitted by the medium due to the motion of a charged particle
moving through the medium with a velocity exceeding the phase velocity of
light in it. We consider a charge particle with mass m and electric charge e
uniformly moving in the anisotropic polarizable medium which describe by
the Hamiltonian (110) with the field operator R that now plays the role of
the polarization density of the medium. The Hamiltonian operator of the total
system (110), i.e. the electromagnetic field, the polarizable medium and the
particle, in the large-time limit when the medium and electromagnetic field
tend to an equilibrium state can be rewritten as follows [55]
H = H0 +Hint, (118)
where
H0 = Hele +HF , (119)
with
Hele =
4∑
µ=1
∫
d3qEq c
†
µ(q, t)cµ(q , t), (120)
22 Ehsan Amooghorban, Fardin Kheirandish
HF =:
∫
dωh¯ω
∫
d3k b†i (k, ω, t)bi(k, ω, t)} :, (121)
and
Hint = ıce
4∑
µ,µ′=1
∫
d3k
∫
d3q
∫ ∞
0
dω
√
h¯ω
2(2π)3ε0
{u†µ(q)αi
×Gij(k, ω)fjl(ω)uµ′(q − k)c†µ(q)cµ′ (q− k)bl(k, ω, 0)e−ıωt − h.c.}.
(122)
Here, the different components of the Green tensor Gjl(k, ω) in Eq. (122)
satisfy the following set of algebraic equations
Hij(k, ω)Gjl(k, ω) = δil, (123)
where
Hij(k, ω) = (µ
−1
0 k
2c2 − ω2ǫij(ω)), (124)
in which the permittivity tensor ǫij(ω) is related to the susceptibility (13) as
ǫij(ω) = 1 + χij(ω). It is seen from Eq. (123), looked upon either as a matrix
or as an operator equation, that the response tensor Gij(k, ω) is the inverse
of Hij(k, ω). The solution of it is obtained most easily by evaluating the inverse
of Hjl(k, ω) with the help of dyadic analysis [72].
The unperturbed Hamiltonian H0 = Hele +HF has the eigenstate | ele+
rad〉 =| ele〉⊗ | rad〉 which are the direct product of the eigenstates of Hele
and HF . We apply the perturbation theory up to the first order to treat the
transition probability per unit time for a free Dirac particle of momentum
h¯q to emit a photon of momentum h¯k and energy h¯ω, thereby changing its
momentum to h¯(q− k)
Γq→q−k =
2π
h¯
|〈1k | 〈q − k | Hint | q〉 | 0〉|2
×δ
(√
h¯2c2q2 +m2c4 −
√
h¯2c2|q− k|2 +m2c4 − h¯ω
)
, (125)
where the states | 0〉 and | 1k〉 present the vacuum state of the electromagnetic
field and the excited state of the electromagnetic field with a single photon
with wave vector k and frequency ω, respectively. The argument of the Dirac δ
function displays the conservation of energy. The radiation intensity in a form
of the Cherenkov radiation is obtained by multiplying Eq. (125) by h¯ω and
integrating over k and ω. We find that
dW
dt
=
1
2
2∑
λ=1
2∑
µ,µ′=1
∫
d3k
∫ ∞
0
dωh¯ωΓq→q−k. (126)
Here, the sum is taken over the final spin states of the particle with positive
energy, (µ = 1, 2), as well as an average over the initial spin states. In order
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to calculate above equation we need to evaluate the following sum
S =
1
2
2∑
λ=1
2∑
µ,µ′=1
∣∣u†µ(q)α · G(k, ω) · f(ω)uµ′(q− k)∣∣2 . (127)
For this purpose, we introduce the annihilation operator [55]
Λ(q) =
cα · q+ βmc2 + |Eq|
2 |Eq| . (128)
It is straightforward with the help of Eq. (128) to show that
S =
1
8
Tr[(α · G(k, ω) · f(ω))Λ(q − k)(α · G(k, ω) · f(ω))†Λ(q)]
= vi Im[G
⊥
ij(k, ω)] vj +
1
2
{1−
√
(1− v2/c2)(1 − v′2/c2)− v · v′
c2
}.(129)
in which v = h¯c2q
/
Eq and v
′ = h¯c2q′
/
Eq′ are the velocities before an after
the emission of the photon, respectively. Notice that in writing Eq. (129), we
have used the tensor identity
ω2
c2
G(k, ω) · Im[χ(ω)] · G∗(k, ω) = Im[G(k, ω)], (130)
as well as just the transverse part of the Green tensor are considered in calcu-
lation, since the transverse contribution yields the radiative effect, while the
longitudinal contribution provides purely nonradiative effects. On the other
hand, the second term in Eq. (129) has no contribution to the radiation in-
tensity (126), since the wave length of the electron is much smaller than the
photons wavelength. Using these notes one can easily show that
dW
dt
=
e2
4π3ε0
∫ +∞
0
d3k
∫ +∞
0
dω ω vi Im[G
⊥
ij(k, ω)] vj
×δ
(
v · k− ω[1 + h¯ω
2mc2
(
k2c2
ω2
− 1)
√
1− v
2
c2
]
)
. (131)
Now, it is interesting to compare this recent relation with the result of the
relativistic Cherenkov radiation in presence of isotropic medium [55]. In the
latter, the transverse Green tensor (123) is given by
G
⊥
ij(k, ω) =
δij − kikj/k2
µ−10 k
2c2 − ω2ε(ω) . (132)
Let θ be the angle between q and k, according to the argument of the Dirac
δ function (125), the photon is emitted at an angle to the path of the particle
as
cos θ =
ω
vk
(
1 +
h¯ω
2mc2
(
k2c2
ω2
− 1)
√
1− v
2
c2
)
. (133)
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Substitution of Eqs. (132) and (133) into Eq. (131) and integration over the
polar angel θ and the azimutal angel ϕ, yields that in the presence of isotropic
medium
dW
dt
=
e2v
2π2ε0
∫ +∞
0
dkk
∫ +∞
0
dωω
(
1− ω
2
v2k2
[1 +
h¯ω
2mc2
(
k2c2
ω2
− 1)
√
1− v
2
c2
]2
)
× Im
(
1
µ−10 k
2c2 − ω2ε(ω)
)
, (134)
which is consistent with the result has been reported in [55].
5 Conclusion
In this paper, the classical, the non-relativistic and the relativistic quantum
dynamics of a Brownian particle under the influence of an arbitrary potential
in anisotropic medium is canonically investigated. In this formalism the dissi-
pative medium is modeled by the collections of harmonic oscillators. A fully
canonical quantization of the dynamical variables that modeling the dissipa-
tive medium is demonstrated and, as a direct consequence of it the suscepti-
bility tensor of the dissipative medium in terms of the coupling functions are
calculated. In Heisenberg picture, a non-relativistic and relativistic quantum
Langevin-equation is derived and explicit expressions for quantum noise and
dynamical variables of the system are obtained. It is shown that how radiation
reaction in this theory can be expressed in terms of the source operators, then
the radiated spectrum of the medium as the cherenkov radiation is calculated.
We finally introduced a minimal coupling scheme to enter the dissipation and
the fluctuation of the medium in the Hamiltonian formalism and the motion
equations from the classical to the relativistic regime.
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A
In this appendix we evaluate the time-dependent coefficient c(t) in Eq. (66) for the spon-
taneous decay of an initially excited atom embedded in anisotropic dissipative medium. By
substituting |ψ(t)〉 from Eq.(66) into Eq.(67) and using the expansions (7), (22) and (25),
we find the following coupled differential equations
c˙(t) = −ıω0 c(t) −
∫
∞
0
dω
√
h¯ω
2
q∗12i fij(ω)Mj(ω, t), (135)
M˙i(ω, t) = −ıωMi(ω, t) +
√
ω
2h¯3
q12j fji(ω) c(t). (136)
We can solve these coupled differential equations by using Laplace transformation technique.
Let c˜(s) denotes the Laplace transform of c(t). Taking the Laplace transform of Eqs. (135),
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combining them and using the relations (33), we find
sc˜(s) = c(0) − ıω0 c˜(s) +
1
h¯
[q∗12,iG˜ij(ıs)q12,j ]c˜(s), (137)
where
G˜ij(ıs) =
∫
∞
0
dω
ω2
pi(ıs− ω)
Imχij(ω). (138)
The tensor G˜ij(ıs) gives the spontaneous-emission and frequency-shift of the atom due to
the presence of dissipative medium. From definition (138) it is obvious that G˜ij(ıs) is an
analytic tensor in the upper half-plane Re(s) > 0, therefore
c˙(t) = −ıω0c(t) +
∫ t
0
K(t− t′) c(t′) dt′, (139)
where
K(t− t′) =
1
2piıh¯
∫ +∞
−∞
du e−ıu(t−t
′)[q∗12,iG˜ij(u+ ıτ)q 12,j ]. (140)
Here we use the Markov’s approximation [69] and replace c(t′) in (139) by
c(t′) = c(t)eıω0(t−t
′). (141)
By lengthy but straightforward calculations and using Kramers-Kroning relations we deduce
c˙(t) = −ıω0c(t) − ( Γ + ı∆) c(t) (142)
where
Γ = −
1
h¯
[
q∗12,i Im[G˜ij(ω0 + ı0
+)] q12,j
]
=
ω20
h¯
[
q∗12,i Im[χij(ω0)] q12,j
]
, (143)
and
∆ = −
1
h¯
[
q∗12,i Re[G˜ij(ω0 + ı0
+)] q12,j
]
= P
∫
∞
0
dω
q∗12,i Im[χij(ω)] q12,j
pih¯(ω0 − ω)
. (144)
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